The origin of the large-scale stripe pattern of epitaxial silicene on the ZrB2(0001) surface observed by scanning tunneling microscope experiments is revealed by first-principles calculations. Without stripes, the ( √ 3 × √ 3)-reconstructed, one-atom-thick Si layer is found to exhibit a "zero-frequency" phonon instability at the M point. In order to avoid a divergent response, the relevant phonon mode triggers the spontaneous formation of a new phase with a particular stripe pattern offering a way to lower both the atomic surface density and the total energy of silicene on the particular substrate. The observed mechanism is a way for the system to handle epitaxial strain and may therefore be more common in two-dimensional epitaxial materials exhibiting a small lattice mismatch with the substrate.
The origin of the large-scale stripe pattern of epitaxial silicene on the ZrB2(0001) surface observed by scanning tunneling microscope experiments is revealed by first-principles calculations. Without stripes, the ( √ 3 × √ 3)-reconstructed, one-atom-thick Si layer is found to exhibit a "zero-frequency" phonon instability at the M point. In order to avoid a divergent response, the relevant phonon mode triggers the spontaneous formation of a new phase with a particular stripe pattern offering a way to lower both the atomic surface density and the total energy of silicene on the particular substrate. The observed mechanism is a way for the system to handle epitaxial strain and may therefore be more common in two-dimensional epitaxial materials exhibiting a small lattice mismatch with the substrate. Ultimately thin, two-dimensional (2D) materials are considered top candidates for future electronic technologies since they offer high charge carrier mobilities 1,2 and among many others interesting optical and vibrational properties [3] [4] [5] [6] [7] [8] . Their reduced dimensionality is sometimes intimately connected to lattice instabilities [6] [7] [8] [9] [10] [11] [12] , to the nesting of Fermi surfaces 13 and to exciting electronic and spintronic phenomena [13] [14] [15] [16] . When placing 2D materials on surfaces, underlying mechanisms might then be complex, especially considering that complicated surface reconstructions 17 , coexisting multiple structural phases of the layers 18 and/or domain(-like) structures 19 are often observed.
In this context, recently, a promising new 2D material called silicene 20, 21 has attracted great attention. Due to the mixed sp 2 /sp 3 bonding configurations and varying interactions with so far metallic substrates, experimentally realized epitaxial silicene phases have been demonstrated to possess a variety of both geometrical and electronic structures 19, [22] [23] [24] [25] [26] . Different to silicene phases on Ag(111) surfaces 19, 22, 23, 25, 26 , epitaxial silicene forms spontaneously through surface segregation on the zirconium diboride (0001) surface grown on Si(111) substrates 24 . For this system, the ( √ 3 × √ 3) reconstruction of silicene represents itself as a (2 × 2) reconstruction of the ZrB 2 (0001) surface and is connected to a buckling on the atomic length scale 24 . A structure model called the "planar-like phase" possessing only a single protruding Si atom per hexagon, shown in Figs. 1 (a) and (b), has been reported to be the ground state within density functional theory 27 . The band structure has been found to be in striking agreement with angle-resolved photoelectron (ARPES) spectra 28, 29 providing solid support for the presence of this particular structural form of silicene. Consequently, when discussing epitaxial silicene on ZrB 2 (0001), in the following, we refer to this ground-state structure model. Note that, as our yet unpublished calculations show, the other phase described as the "buckled-like" structure model 27 possesses imaginary phonon frequencies and is thus unstable at least if the entropy term in the Helmholtz free energy 30 is not considered. Note that while the evidence for the presence of the "planar-like phase" is strong, there has still been a major unresolved issue, namely the appearance of large-scale periodic stripe patterns observed by scanning tunneling microscopy (STM) 24 . Note in this context that the planar-like form of silicene has also been suggested to be one of the available structures on the Ag(111) surface 19 where no stripe pattern has been observed. Quite obviously, resolving the mechanism underlying the pattern exclusive to silicene on ZrB 2 (0001) thin film surfaces prepared on Si wafers might provide new insight into the interplay between epitaxial conditions, strain and structural and electronic properties of two-dimensional adlayers in general.
In this Letter, we report the results of a first-principles study of silicene on ZrB 2 (0001). The driving force behind the mechanism that triggers the appearance of the stripe pattern is found to be associated with a phonon instability characterized by a zero-frequency mode reaching a critical point of instability. Dictated by the particular substrate, this mode cannot gain energy by following the corresponding eigendisplacement since the energy surface is essentially flat. This then immediately bears the question of how the lowest-energy state of the Si layer on the ZrB 2 (0001) surface can be reached. We are going to demonstrate that the formation of a stripe pattern characterized by a distinct periodicity and by the reduction of the surface atom density is the way to obtain the lowest total energy and to avoid the phonon instability.
In our approach to the phonon calculations, the dynamical matrix has been constructed from real-space force constants calculated using the OpenMX code which is based on norm-conserving pseudopotentials generated with multi reference energies 31 and optimized pseu- where a is the calculated in-plane lattice constant of bulk ZrB2.
doatomic basis functions 32, 33 . The (4 × 4) ZrB 2 (0001) supercell and 0.02Å for each atomic displacement have been adopted. One Si-, four Zr-, and three B-layers have been chosen to form an isolated slab implemented by the effective screening medium method 34 . A cut-off energy of 220 Ry has been used for numerical integrations and for the solution of the Poisson equation. The in-plane lattice constant has been obtained from the theoretical value of bulk ZrB 2 within the generalized gradient approximation (GGA) 27, 35, 36 . The atomic positions have been relaxed to be less than 6 × 10 −5 Hartree/Bohr. For the quality of k-point sampling, an 8 × 8 mesh for the (2 × 2) ZrB 2 (0001) unit cell has been chosen. For each of the Si and B atoms, two and two optimized radial functions and a single one have been allocated for the s-, p-, and d-orbitals (s2p2d1), respectively. For each Zr atom, s3p2d2 is adopted. For all basis functions, a cut-off radius of 7 Bohr has been chosen. The XCrySDen software has been used to generate the figures 37 .
The phonon dispersion relation of silicene on ZrB 2 (0001) is presented in Fig. 2 . No imaginary frequencies are identified. This suggests that silicene in its planar-like form is overall stable with zirconium diboride as the substrate. However, the softest vibrational mode reaches the "zero" frequency at the M point. This high-symmetry point thus represents a singular point of phonon instability that could cause a divergent response. Note that the presence of the critical-point phonon mode and therefore of the instability exists without asserting additional external strain. Instead, it is related to the epitaxial strain imposed onto silicene by the particular zirconium diboride thin film surface which has a small lattice mismatch of about 5% to the predicted value of hypothetical, free-standing silicene 27, 38 .
In order to find preferences for silicene structures away from the planar-like phase without stripes, the nature of the zero-frequency mode at the M point should be understood. Before looking at this particular mode, it is worth mentioning that, except at the frequencies around 200 cm −1 , the phonon modes of silicene are almost decoupled from those of the ZrB 2 substrate. Since especially for the optical branches with high frequencies, those vibrations involve only Si atoms, it is suggested that the effect of the substrate to those phonons consists simply in providing a fixed potential. Moreover and importantly, the softest, critical-point phonon mode that belongs to one of the acoustic branches also exhibits strong contribution from the Si atoms of silicene. It is then plausible that the silicene formation mechanism is governed by how the individual Si atoms experience the interaction with the Zr-terminating surface of ZrB 2 (0001). Specifically, the Si atoms located right on top of Zr atoms possess the least favorable in-plane positions as compared to Si atoms located in the hollow and bridge sites 27 . The eigendisplacement of the softest mode at the M point is shown in Fig. 3 . In this vibration, the on-top Si atoms move as guided by the dashed lines in Fig. 3(a) . Since on-top positions are energetically unfavorable 27 , Si atoms can gain energy when being displaced which allows for the potential energy to be nearly similar to that in the equilibrium positions, e.g. for an almost flat potential energy surface. As a result, this particular vibrational mode does require only little or no energy to be excited. Hence, the perfectly repeated planar-like structure cannot epitaxially be formed as a stable structure on ZrB 2 (0001).
A simple way to avoid instability would be to simultaneously elongate the in-plane lattice constants of both the diboride thin film substrate and the epitaxial silicene thereby releasing unfavorable in-plane stress 24, 27 . For the given ZrB 2 thin film substrate with its fixed lattice constants, however, silicene would be incommensurate with the (2 × 2) unit cell of the ZrB 2 (0001) surface. Such a structure is energetically unfavorable since a simple expansion of the silicene lattice itself would lead to deviations of atomic positions away from the designated ontop, near-bridge and hollow Si sites. In order to maintain the planar-like structure and the commensurate relationship with the substrate to the highest degree possible, an obvious way is to form domains in which the commensurate relationship can be maintained around the domain centers and for which more flexible boundaries could allow for a modification of the crucial wave vector related to the M point, q M , such that the phonon instability might be avoided. How the system would "engineer" the Brillouin zone (BZ) of silicene is explained in the following.
The key to unlock the size of the new BZ can be found by considering lines that connect on-top Si atoms, shown in Fig. 3 (a) . The wave length associated with q M can simply be modified by removing the on-top atoms in some of these lines thus creating a boundary with a lower surface density of Si atoms that separates stripes from each other. The associated enlargement of the repeat unit along the direction perpendicular to the axis of the stripes will shift the M point of silicene. Therefore, the zone boundaries of silicene and of the ZrB 2 (0001) surface become mismatched even in the repeated zones due to the slightly shorter Γ-M wave vector of silicene. By doing so, the new M point climbs out of the bottom of the dispersion valley away from the critical-frequency point.
While the enlargement of the unit cell in one direction will apparently affect the wave lengths along the same direction, the symmetry-related M points in the other directions should be considered as well. To avoid the phonon instability associated with all of the M points simultaneously, the system may develop an effective smaller BZ that is within the area described by dashed lines shown in Fig. 1 (c) in which all of the original M points are explicitly avoided. Then the width of the BZ corresponding to each stripe should be smaller than half of the original Γ-M wave vector. Accordingly, the size of the unit cell related to the minimal stripe width should be larger than 2 √ 3a, four times the lattice constant of the (2 × 2) ZrB 2 (0001)-reconstructed surface projected on the Γ-M direction.
While so far, based on physics arguments, we derived conditions that determine the optimal stripe width, in the following, one set of possible large-scale structures will be explored. As shown in Figs. 4 (a) and (b), boundaries are introduced by removing lines of ontop Si atoms. Two stripes separated by the respective boundaries possess different orientations of locally ( √ 3× √ 3)-reconstructed silicene. Note that, importantly, it is then still possible to connect the stripes by (distorted) hexagons such that the overall honeycomb-like silicene layer is maintained. Following the full relaxation of atomic positions, the corresponding structure calculated for the stripe width of five on-top Si atoms is shown in Figs. 4 (a) and (b) . Similar structures are found for other stripe widths.
Any definition of the formation enthalpy of silicene on the ZrB 2 (0001) thin film surface that includes structure models with varying stripe widths involves different surface densities of Si atoms. In order to reasonably estimate the energy gain per unit area, we therefore define the formation enthalpy as E(silicene + ZrB 2 thin film) -N (silicene) × E(one Si atom) -E(ZrB 2 thin film) divided by N (terminating Zr layer). E and N denote the total energy and number of atoms, respectively. Here, E(one Si atom) refers to the total energy of Si atoms in the diamond structure since in the surface segregation process occurring during the formation of epitaxial silicene, the atoms needed to form silicene stem from the Si(111) substrate wafer underneath the diboride thin films.
In Fig. 4 (c) is plotted the formation enthalpy per terminating Zr atom as a function of the stripe width. The formation enthalpies are negative which explains why silicene is epitaxially formed on the ZrB 2 (0001) surface. At least for the stripe widths of in between two and six on- top Si atoms, silicene with stripes is more stable than silicene without stripes which corresponds to infinitely width. The most desirable width are stripes consisting of five on-top Si atoms across stripes although the energy gain is almost degenerate to the case with four ontop Si atoms. This confirms that (i ) the stripe pattern is needed, that (ii ) the optimal width is not as short as possible, and (iii ) that the calculated results are highly consistent with the physical understanding discussed above. In addition, the sensitivity of the phonon frequency to the particular wave length also explains why stripe patterns do not show up for silicene phases prepared on other substrates 19 .
In conclusion, the study of the phonon instability of ( √ 3 × √ 3)-reconstructed epitaxial silicene on the ZrB 2 (0001) thin film surface uncovers the decisive factors that trigger the formation of the large-scale stripe pattern observed in STM images. In order to avoid the critical point of phonon instability, silicene spontaneously develops stripes by forming boundaries that miss on-top Si atoms. In particular, the surface is found to "engineer" the Brillouin zone by modifying the periodic boundary condition thus avoiding the critical wave vector and phonon frequency at the singular M point. This is different to the case of charge density waves originating from the electronic energy gain at the Fermi energy upon nesting of the Fermi surface. Here, the large-scale lattice distortions in form of "domain walls" provide the energy gain in the order of phonon frequencies. Unlike for structural phase transitions where new structures are precisely coupled to the wave lengths of the associated soft modes, the demonstrated stripe width is chosen to avoid the M point instability. By forming stripes, the ( √ 3 × √ 3)-reconstructed planar-like silicene is largely preserved. Additionally, the observed mechanism of the critical-point-driven large-scale stripe formation within a single layer provides understanding of how epitaxial twodimensional materials can efficiently and delicately handle epitaxial strain caused by a small lattice mismatch.
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